We study the motion of a charged particle around a weakly magnetized rotating black hole. We classify the fate of a charged particle kicked out from the innermost stable circular orbit. We find that the final fate of the charged particle depends mostly on the energy of the particle and the radius of the orbit. The energy and the radius in turn depend on the initial velocity, the black hole spin, and the magnitude of the magnetic field. We also find possible evidence for the existence of bound motion in the vicinity of the equatorial plane.
I. INTRODUCTION
Black holes (BHs) are ubiquitous in the Universe and play an important role in the formation of galaxies [1] . BHs produce intense radiation by converting the gravitational binding energy of accreting plasmas [2] . Accreting BHs immersed in large-scale magnetic fields also release their rotational energy into powerful relativistic jets [3] , which are observed in active galactic nuclei, quasars, or X-ray binaries. Numerical simulations demonstrated that powerful jets are generated by extracting energy from a spinning BH along the magnetic field [4] .
Moreover, the power of jets from BHs with thick accretion disks depends mostly on BH spin, which may explain the wide variety of radio luminosities of active galactic nuclei [5] . BH spin is measured by the X-ray reflection method [6] (see [7] for a recent review) and by the continuum-fitting method [8] (see [9] for a recent review), and it is found that a large fraction of astrophysical BHs are rapidly rotating.
In this paper, in order to examine the effects of a magnetic field and BH spin on particle motion, we investigate the motion of a charged particle around a rotating black hole in a uniform magnetic field. Although this is a simplified problem, the dynamics are still nonintegrable due to the lack of a third constant of motion (the Carter constant) in the presence of a magnetic field. If we focus on equatorial motion, a semi-analytical approach is possible [10] [11] [12] , but a general orbit requires numerics [13] [14] [15] [16] [17] . More specifically, we consider the motion of a charged particle kicked out from the equatorial plane, and investigate the conditions under which such a particle can escape to infinity. This problem was studied in [13, 14, 16, 18] for a nonrotating black hole and in [15] for a slowly rotating black hole. There, it was found that the charged particle is either captured by the black hole, or escapes in a direction parallel or antiparallel to the magnetic field. The final fate of this particle is extremely sensitive to the initial conditions determined by the strength of the magnetic field. Since astrophysical BHs are rotating (sometimes rapidly), we extend such an analysis to a rotating black hole.
The paper is organized as follows. In Sec. II, after introducing a uniform magnetic field, we present the equations of motion for a charged particle and study the innermost stable circular orbits. In Sec. III, we present the results of numerical calculations for particles kicked out of these innermost stable circular orbits and discuss the final fate of the particles. We summarize our results in Sec. IV.
Appendix A contains an analysis of the magnetic flux across a black hole for two field configurations. In Appendix B, we present approximate solutions for the innermost stable circular orbits. We use units in which G = c = 1.
Note added: during the preparation of our paper, we became aware of a work on similar topics [19] . While it has some overlaps with our paper, the analysis of motion of a particle kicked out from a circular orbit in [19] is limited to a fixed value of a magnetic field. Our analysis is complementary to the results of [19] .
II. WEAKLY MAGNETIZED ROTATING BLACK HOLE
We consider the motion of charged particles in a weakly magnetized rotating black hole. By "weakly magnetized," we mean that the energy density of the magnetic field does not significantly distort the background black hole geometry which is assumed to be given by the Kerr metric (in the Boyer-Lindquist coordinates),
where M is the gravitational mass of the black hole and a is its angular momentum per unit mass and Σ = r 2 +a 2 cos 2 θ and ∆ = r 2 + a 2 − 2M r. The event horizon is located at r H = M + √ M 2 − a 2 . The effect of the magnetic field on the background geometry can be neglected if
where we have momentarily restored the gravitational constant G for clarity. This condition is satisfied for astrophysical black holes (typically < 10 9 Gauss [20] ). Therefore, the magnetic field can be considered as a test field in the background geometry. Although the magnetic field is "weak" compared with the background, it can be quite "strong" for charged particles. This can be seen by taking the ratio of the Lorentz force to the gravitational force acting on a charged particle with charge q and the rest mass m in the Keplerian orbit. For the radius close to the Schwarzschild radius, the ratio becomes
where m p is the mass of proton. Thus it can be quite large for charged particles (protons or electrons) around astrophysical BHs. [21] , for a neutral rotating black hole, the special choice
generates an asymptotically uniform magnetic field of strength B. However, the second term in Eq. (4) is the effect of Faraday induction due to the rotation of a BH, which generates a difference in the electrostatic potential between the event horizon and infinity. Consequently, positively charged particles are accreted towards the horizon. For a charged rotating black hole with charge Q, Eq. (4) becomes
Thus, the accretion continues until the potential difference disappears and the black hole will acquire an inductive charge of Q = 2aM B [10, 21] . After the accretion is complete, the 4-vector potential becomes
Note that as long as the condition Eq. (2) is satisfied, the induced charge of the black hole is so small Q/M = 2aB ≤ 2BM ≪ 1 that its effect on the background black hole geometry can be neglected. Hence, we shall adopt this choice of 4-vector potential Eq. (6) together with the background black hole geometry Eq. (1). 1 In Appendix A, we calculate the magnetic flux across a black hole for two typical field configurations Eqs. (4) and (6).
B. Motion of Charged Particles
The equation of motion for a test particle of mass m and charge q is given by
Here, u µ =ẋ µ ≡ dx µ /dτ is the particle 4-velocity with τ being proper time and
from which the momentum p µ conjugate to x µ is defined by
For a Kerr black hole immersed in the uniform magnetic field B(> 0), Killing fields ξ µ and ψ µ yield a conserved energy per rest mass E and an angular momentum per rest mass L for the motion of a charged particle
where we have used Eq. (6) and introduced b = qBM/m which is the ratio in Eq. (3) 2 . Hence, the azimuthal motion is integrable. We note that E and L/M are dimensionless quantities. In the presence of a magnetic field, we should carefully consider the meaning of E and L because they contain the magnetic field b in their definition. Solving Eqs. (10) and (11) in terms ofṫ andφ, we obtaiṅ
When we discuss the motion of particles on and outside the black hole horizon, we must impose the forward-in-time conditionṫ ≥ 0 which means that the value of the time coordinate t increases along the trajectory of the particle. The radial motion and the polar motion are obtained by solving the equation of motion Eq. (7),
We solve the above equations from a point x µ = x (12) - (15) are invariant under the transformation a → −a, b → −b, L → −L and the redefinition of the polar coordinatesθ := π − θ,φ := −φ, we only need to consider a ≥ 0. While we need numerics to study the general orbits of charged particle, we can solve them analytically if we focus on an orbit in the equatorial plane θ = π/2, as we will discuss in the next section.
C. ISCO
Let us consider particle motion in the equatorial plane. Then, the equation of motion becomes integrable, and from u µ u µ = −1 we obtain the equation for radial motion [10, 11] 
where
The maximum of V determines the stable circular orbit and hence V = ∂V /∂r = 0 there. The innermost of such orbits is called ISCO (the innermost stable circular orbit), where relativistic effects heavily influences the motion of charged particles. The ISCO radius is determined by solving the equations V = ∂V /∂r = ∂ 2 V /∂r 2 = 0. These were first solved by [10] and the results are
which are derived from ∂V /∂r = ∂ 2 V /∂r 2 = 0, where the upper sign (L > 0) refers to "prograde" (or anti-Larmor according to [10] ) motion and the lower sign (L < 0) refers to "retrograde" (or Larmor) motion. We note that the sign of L does not necessarily coincide with the sign ofφ. λ and η are defined by
Putting Eqs. (18) and (19) into V = 0 gives the equation for the ISCO radius r I (r
In general, Eq. (22) can only be solved numerically. We identify the root of Eq. (22) which is the closest to r H as the ISCO radius r I , although there can be multiple solutions [10] . We can find the corresponding energy and angular momentum from Eqs. (18) and (19) . Approximate solutions for limiting values of a * ≡ a/M and b are given in Appendix B. Note that we should exclude the solutions of Eq. (22) which do not satisfyṫ > 0, whereṫ is given by Eq. (12) . The results of these calculations are given in Figs. 1 and 2 , where we plot r I as a function of a * for several b (Fig. 1) and r I as a function of b for several a * (Fig. 2) for both prograde and retrograde motions. The left figure in Fig. 2 is the same as [11] . For ISCOs, we find that the sign of L coincides with the sign ofφ.
From Fig. 1 , we can see that r I is uniquely determined by a * and b in the cases of both prograde and retrograde motions. Focusing only on the region b ≥ 0 (or b < 0), from Figs. 2 we can see that b, if it exists, is also uniquely determined by a * and r I .
III. FATE OF CHARGED PARTICLES KICKED OFF FROM ISCO
We consider the situation where a charged particle is initially in the ISCO but acquires a "kick" by collisions (for example) and then departs from the equatorial plane. The initial velocity is three-dimensional in general, but in order to reduce the space of initial data, we consider as in [14, 19] the kick with transverse velocity v ⊥ ≡ −r Iθ without changing L. Even under this restriction, the space of the initial data is large enough to find a wide variety of trajectories. The problem was studied for a non-rotating black hole in [14] and only recently for a rotating black hole in [19] , but the analysis was limited to a fixed value of b(= 0.2). The slowly rotating case (a * = 0.5) was studied by neglecting O(a 2 * ) terms in the equation of motion in [15] . More concretely, we numerically solve Eqs. (14) and (15) under the initial conditions
where v ⊥ (> 0) is a constant, and we choose the angular momentum L as that of ISCO corresponding to the ISCO radius r I . The energy E is determined from the normalization condition u µ u µ = −1 as 
For a given a * , b and v ⊥ , we solve Eqs. (14) and (15) under the above initial conditions. We assume b > 0 in the following. We checked the accuracy of our numerical calculations by verifying constancy of E.
We find that there are four different final states for the particle: capture by the black hole, escape to z → ±∞, and bound motion. In our calculations, the maximum integration time was chosen to be τ = τ max = 2M × 10 5 . We consider the particle to have "escaped" if |z| > 10 3 M , "captured" when r reaches r H , or otherwise in a "bound orbit". Typically, the error in the energy is less than 10 −6 , but sometimes grows to 10 −2 when the integration time is very long, which is the case with escape to |z| → ∞ (the increase of the error for the escape orbit was also discussed in [14] ). The typical trajectories of the charged particle are depicted in Figs. 3 (for L > 0) and 4 (for L < 0). Fig. 5 shows the basin of attraction for L > 0 for several a * . Fig. 6 is for L < 0. The horizontal axis denotes the ISCO radius r I normalized by M for b(> 0) and the vertical axis denotes the energy E which is determined from v ⊥ = −r Hθini using Eqs. (25) and (26). We note that r I is a function of b for a fixed a * as shown in Fig. 2 . The resolution of the plots in these figures is 300 × 300. The color of each dot in these figures determines the fate of the particle motion: black for capture, gray for escape to z → ∞, light gray for escape to z → −∞, and red for bound motion. The white areas correspond to regions forbidden for ISCO orbits. The top left graphs in Figs. 5-6 are for a * = 0 and agree with those in [14] .
From Fig. 5 , we see that the allowed region becomes smaller as a * increases. This is because r I decreases as a * increases for a fixed b. In particular, r I | b=0 decreases at an almost constant rate but r I | b=∞ almost coincides with r H , irrespective of a * (see Fig. 1 ). We also find that for the same E and r I , the fates of the charged particles are almost the same. The allowed region is gradually "eaten" with increasing a * . In the a * = 0 figure (top left) , the left area (black) corresponds to the region near the black hole horizon, so the orbits are almost all captured. In the right area (gray), r I is much larger r H and the effect of the gravity is relatively weak, so the particle can escape to z → ∞ for sufficiently large v ⊥ (> 0) as in the case of Minkowski spacetime. The intermediate region looks rather complicated, but it was shown in [14, 19] that the basin of attraction is a fractal. The effect of increasing a * is to cut the allowed region for a * = 0 from the right.
Similarly, we can understand the features of Fig. 6 . This time, the allowed region gets larger as a * increases. This is because for retrograde ISCOs, r I increases as a * increases for a fixed b in contrast to the case of prograde ISCOs. In this case, both r I | b=0 and r I | b=∞ increase and the difference between them also increases as a * increases (see Fig 1) . Moreover, since r I of the retrograde motion is larger than that of the prograde motion, the effect of the gravity is rather weak for any a * . Hence, we expect that the particle can escape to z → ∞ for large v ⊥ . Thus, the allowed region becomes larger and shifts toward right as a * increases.
In Figs. 5-6, we plot several red dots between black and white regions. These dots correspond to the bound motion; if the energy is close to that of ISCO, the particle neither escapes to z → ±∞ nor is captured by the black hole until at least τ = τ max = 2M × 10 5 (these orbits are also observed in [19] ). These bound orbits are located around ISCO orbits as shown in the right of Fig. 3 . For some of these red dots, we checked that the motion remains bound even if we extend the maximum integration time to 10 × τ max = 2M × 10 6 . The energy error was less than 1.3 × 10 −3 . We note that there might exist quasi-bound orbits around ISCO which survive for a long time, which may have implications for the high energy particle collision scenario proposed in [11] . We leave the detailed analysis for future work.
IV. SUMMARY
We have studied the motion of charged particles around a weakly magnetized rotating black hole. First, we have studied in detail the effects of black hole spin and an external magnetic field on the ISCOs of charged particles. We found that the radius of the ISCO decreases as the magnetic field increases. Next, we have studied the motion of a charged particle kicked out from the ISCO. We found that trajectories of the particle are full of variety. However, the asymptotic behavior is classified into four types: capture by the black hole, escape to z → ±∞, and the bound motion. We found that the final fate depends on the energy of the particle and mainly on the radius of ISCO. The energy and the radius depend on the initial velocity, the black hole spin, and the magnetic field. According to our numerics, particles in bound motion stay in the vicinity of the equatorial plane.
It would be interesting to study the possible existence and stability of bound orbits near the equatorial plane which may widen the region where high energy particle collisions take place [11] . It would also be important to study particle motion in other field configurations and examine the robustness of our results. In this appendix, we calculate the flux of an asymptotically uniform magnetic field across one half of the horizon of a rotating black hole. The flux of a magnetic field threading the upper half of the horizon is given by [22] 
For a charge neutral black hole, the 4-vector potential is Eq. (4) and the flux is well-known [22] and is given by
The flux decreases as a increases, which is sometimes called a "Meissner-like" effect. However, for a black hole with vanishing electrostatic potential, the 4-vector potential is Eq. (6) and this time the flux is given by
which is independent of a. Hence, the presence of a "Meissner-like" effect depends on the choice of the field configuration and does not occur in general.
Appendix B: Approximate solutions for ISCO Although Eq. (22) can only be solved numerically for general a * and b, it can be solved analytically for limiting values of a * and b. However, the previous analyses were limited to the ISCO of a maximally rotating black hole (a * = 1) [10] or to the prograde orbit for a nearly maximally rotating black hole [11] . We extend these analyses to include retrograde motion.
ISCO for prograde motion
For a maximally rotating black hole (a * = 1), the radius of the ISCO for a prograde motion (L > 0) is given by [10] 
independently of b. For a nearly maximally rotating black hole (a * ≃ 1), the correction to Eq. (B1) is [11] r I /M − r 
On the other hand, for a Schwarzschild black hole, the ISCO radius for a prograde motion for b → ∞ is given by 
and E and L becomes 
ISCO for retrograde motion
We seek a solution to Eq. (22) for a retrograde motion (L < 0). As found by Aliev and Ozdemir [10] , in the case a maximally rotating black hole (a * = 1), the radius of the ISCO for a retrograde motion for b → ∞ is given by 
